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Bending of a Uniformly Loaded Annular Plate
with Mixed Boundary Conditions

Kraiwood Kiattikomo*
King Mongkut’s Institute of Technology Thonburi, Bangkok, Thailand

) Vichien Sriswasdif
Institute of Technology and Vocational Education, Bangkok, Thailand

This paper deals with the analytical .solutio'n‘ ofa uniformly loaded annular plate in which the inner edge is free
and the outer edge restricted by a system of simple and fixed supports. The boundary conditions of the annular
plate are thus mixed between the simple and fixed supports. The solution is set up by using the deflection equa-
tion and the mixed boundary conditions are written in the form of dual-series equations. By choosing the proper
finite integral transform, the dual-series equations can be written in the form of an inhomogeneous Fredholm in-
tegral equation. This equation, with a numerical technique, is then reduced to a set of simultaneous equations
suitable for numerical solution. The deflections, bending moments, and moment concentration of the annular

plate are calculated.

Nomenclature
a = outer radius of annular plate
b =inner radius of annular plate
D = flexural rigidity of annular plate,

ER3/12(1 - %)
h =plate thickness
E = Young’s modulus
F( ) =complete elliptic integral of the first kind
H( ) =Heaviside function

I, =modified Bessel function of the first kind and nth
: order : .
J, = Bessel function of the first kind and nth order
K( ) =kernel of integral equation
M., M, =moments per unit length of plate
q =uniform load on annular plate
r =radial coordinate of plate
s,t,u  =dummy variables
v, = Kirchhoff shear per unit length of plate
w =deflection of plate
a = half-length of simple support
6 = circular coordinate of annular plate
v =Poisson’s ratio, assumed to be 0.3
0, =dummy variables
®(r) =auxiliary functions, ®(ap) =¥ (p) and
D(af)=V¥(£)
v = biharmonic operator
Introduction

ROBLEMS of circular plates with the combination of
clamped, simply supported, and free boundary condi-
tions have been investigated by many researchers.!>* The solu-
tions were focused on vibration, buckling, and bending of the
circular plates. Stahl and Keer® treated the bending of circular
plates; two cases of boundary conditions were considered,
namely, clamped/simply supported and simply supported
free. Dual-series equations were used for the problem for-
mulation and reduced to a Fredholm integral equation of the
second kind. ;
The bending problems of annular plates under various types
of loading are of interest and have many applications in struc-
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tural engineering. Closed-form solutions can be found for the
case of regular boundary conditions, but not for the case of
mixed boundary conditions. Therefore, the problems of an-
nular plates with the combination of clamped and simply sup-
ported parts (a certain portion of the plate is clamped with the
remainder simply supported) under uniformly distributed
loads are treated in the present work. The formulation of the
problem is in the form of dual-series equations and reduced to
the Fredholm integral equation of the second kind as in Ref. 6.
The small-deflection theory of thin plates with the notation
given in Ref. 9 is used and the deflection of the plate bending
is governed by the differential equation

Dvitw=gq ¢

The general solution that satisfiés the two-fold symmetry of
the plate shown in Fig, 1 is

w=(qr*/64D) + Ay + Byr* + C, log(r/a)
+Eyr? log(r/a)

+ E [A,r"+B,, rmd L C r—m

m=2,4,...

+D,,r@-m lcosmf (2

in. which 4,, B,, C,, E;, A,,, B, C,, and D,, are the

unknown constants to be determined by the boundary condi-

tions. It should be noted that, due to the symmetry, only the

first quadrant of the annular plate needs to be considered.

The boundary conditions on the outer and inner edges are:
Clamped simply at the outer radius r=a:

w=0, 0=f=<—v 3

P

Iw T
5 =0, a<05—2—- )

Fw ( 1 ow 1 8w )]
M, D[ N o + r2 99

0<6<a (5
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x
o
Free edge
Clamped edge
Simply supported edge
Fig. 1 Annular plate geometry.
Free at the inner radius r=b:
Pw 1 aw 1 0w
ol e )]
arr I\7 ar rr 99? 0
O<f<m/2 6)
3 [ Pw 1w 1 2w
V,=—D[—( +——+-—————)
ar \ ar? r or 2 a8
1- a1 @8
RO
r ar\ r 06?
O<f=w/2 ©)

It is seen that the boundary conditions in Egs. (4) and (5) are
mixed.
Substituting Eq. (2) into Eq. (3) yields the relations,
Ay = —(ga*/64D) — B,a* ®)

Ap=—[Bna+Cpa=2" 4 D, a®-m] ©)

Substituting Eq. (2) into Eq. (6) and in view of Eq. (8) leads to

R {(3+u)
T i+ L 16D

+ [2(1 +v) log (—3—) +3+u]EO} (10)

gb?+2(1+v)B,

and
m(m—1D)(1—v)b" %A, + (m+ D[ (m+2)— v(m-2)1b"B,,
+m(m+ DA —-p)b~"+AC, — (m—1D[(2—m)

+v(2+m)1b—"D,, =0 an
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In the same manner, the boundary condition of Eq. (7) leads
to the relations

Ey= —qb?/8D (12

and

—mi(m=1)(1—-»)b" V4, +m(m+ 1)t4—m(1 —-»)]
Xbm-DB 4+ m2(m+1)(1-p)b~m+IC,,
+m(m—0)[4+m(1-»)1b~"+*DD =0 13)

The constants C,, and D, in Egs. (11) and (13) are written in
terms of A,, and B,, as

_{(m-1){1—-») 2m 4
B+v) "
(m? -1 - +(3+v)?

— 2(m+1)
m3+v)(1-v) oo By, 14

m(l—v)
=P8 pamng, 4
o (3+w) " (3+»)

Cp=

(m+ 11 -») yong 15

Substituting Egs. (14) and (15) into Eq. (9) yields
A, =h,a*B,, (16)

in which

h __[1_ (m2 = 1)(1=»)2 + (3 +»)? (iy(mﬂ,
" m(3+») (1-7)

a
M () s (1)
* ”E;I-i-—v:) (%)2‘"’“)] )

In view of Egs. (8), (10), and (12), Eq. (2) is written in the
form

_q(rt=a") __4(1+») log(b/a) + (3+¥)
Y=""6aD 160 —7)D

cart og(-) =120 < s

gb*r? ( r ) =
- log{ —} + A rm+ B, rm+?
o o\ T) L e

+C,,r=™+D,,r?~ "™ cosmf (18)

Substituting Eq. (18) into Eq. (4) and in view of Egs. (14-16)
leads to the relation

1-2(b/a)? _4(1+v) log(b/a) + (3+7) ( b )4

16 16(1—») a .

N 2B,D (1-v)+ (1+»)(b/a)?
qa? (l —-v)

+ E P, cosm9=0,
m=24,...

a<f=sw/2 (19)
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in which
a2—m
B, =———gP 20
"="G.D qP, (20)
m(l—yp) (b)Zm
G,=mh,+m+2+———"h (—
m = Ml 10 Gy M\ g

x [(m—1)+(2—m)(%)‘2]

(m? - D1 —»)2 + (3 + )2 x( b )2(m+1)

3+2)(1—-») a
(m+D2-m)(1-») b \2m
B+v) <7) @1)

Substituting Eq. (18) into Eq. (5) and using the relations in
Eqgs. (14-16), (20), and (21), the condition in Eq. (5) is written
in the form

o

(1+») L,
Y 2m[1+ ot

m=24,...

]Pm cosmb

(3+v)(b/a)?

_ZB"D (1+u)[( b )2—1]+ -
a? a 8

- (31’;”) - [4(1 +) log (%) + (3+v)] %

O<f<a 22)
in which

F,=m(m—1D){1-»)h,+ (m+1)[(m+2)—v(m—-2)]

—m(m?—1)(1—»)2h,, (l’—)zm
a

_(mE)m=1(1 =12 +(B+»)?] ( b )z<m+x>
3+») a.

+ m(l—-v)(1-m)[C-—m)+v(2+m)] h,,,(—l-’——)Z(m_l)
“(3+v) a
(M- -»)[RQ-m)+v2+m)] [ b \2m
o (B+») (7) @3
Fm
Ly=———2m—1-» 24)

m

Equations (19) and (22) are dual-series equations and the
solution can be found by choosing

1 o o
PO;—Z—SO a(n)dt, P, = SO & () Jo(mt)de

m=24,... 25)

in which 7 is a dummy variable.

The choice of Eq. (25) has to provide a square root mio-
ment singularity at the tips of the clamped segments.®
Substituting Eq. (25) into Eq. (19) and using the indentity®

E Jo(mt) cosmé
m=24,...

=%[(l‘2—02)"/‘H(t—0)—1], b+t<w {26)
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Eq. (19) becomes
qa® (1-») [ 1 '
2D (1=»)+ (1+9)(b/a) Tgoq’(’)d’

_1=2(b/a)? 41 +v) log(b/a)+ (3+¥) (i)“] @
16 16(1 - ») a

By=

Substituting Eq. (27) into Eq. (22) and rewriting in the form

d [+ 0
2 Y psomo+ I Y b cosmo
dé m=24,... m=24,...
= (1=v) (1+9) [ (b/a)>—1]
_ . L.P ,
2 mg P S oy + (14 9) (b))

X S:Q(r)dt= {A+3v) (b/a)2 = (1 - ») —4(b/a)?
X {v+(1+»)(b/a)? logb/a)] }/{16{(1 —»)

+{d+»)(b/a)?]1}, 0=<0<u (28)

using the identity in Eq. (26) and the identity®

oo

Y Lomn smm0=-———(02 £y~ “H(O~1t)

m=24,...

— So [exp(ws) —1] ~1y(ts) sinh(s)ds, O+i<wz (29)

and integrating Eq. (28) once between 0 and 6, Eq. (28)
becomes

(1+v)(b/a)?
2[(1=»)+ (1 +»)(b/a)?*]

(1+v»)
2

]
So SN (2 -y "dr=

X S: S:Q(t)dtdo—- S" S & (1) (2 —5%) " deds

+ZS <I>(t)§ [exp(rs)—l]‘llo(ts)smh(f)s)dsdt

—g Sq’“) i LmJo(mt)CosmOdtds

m=2,4,.

+20{(1+3v)(b/a)* = (1 —») —4(b/a)? [v+ (1 +»)

X (b/a)’log(b/a)]}/{16[1-v) + (1 +») (b/a)?]}
O<f<a 30)

Equation (30) is in the form of Abel’s integral equation

0
h(()):gofb(t)wz—tz)“/’dt, O<fi<a @31

which has the solution

B(u) =—2 ig * (12 =02~ R (6)do
T

diz Je

O<u<a (32)
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After some manipulations, using some identities given in
Ref. 10 and introducing the new dummy variables ¢=af and
u=ap, Eq. (30) can be reduced to the form of Fredholm in-
tegral equation of the second kind,

1
Y(o)+ [ Ko.O¥®de=rp), 0spsl (Y
in which
Y(p)=®(ap), ¥(§)=2(af) G4
(1+v) (p/E)F(p/E), £>p
K(p.) =" o
= LF@m,  k<e

L { (1 +7) (b/a)>
P A (0 +9) (b/a) 7]

+ S: [exp(ws) — 1] ~ 1 y(aés)sly(aps)ds

1 ead
-5 L LmJo(mas)Jo(map)} (35)
m=24,...

S(p) =ap{(1+3») (b/a)* — (1 —») —4(b/a)* [v+ (1 +)
X (b/a)*log(b/a)]1/{8[(1 —v) + (1 +») (b/a)?]} (36)

and
/2
Fk)— SO (1—k? sin®6) - %do G7)

which is an elliptic integral of the first kind.

Numerical Results

Since the kernel of Eq. (33) is infinite for £ =p, a procedure
given by Stahl and Keer® is used to replace the integral equa-
tion with a finite number of algebraic equations as follows:

1
(o) + | K(o,8) 1% (5)~¥ (o) 18
1
+¥ () | K(ob)dE=1(0),

O=<p=l (38)

It is seen that the logarithmic singularity at £ =p in the first
integral is eliminated by the factor [¥(£) — ¥ (p)]. With the
use of identities!?

S: log [1 - (%) 2] ‘/zdf =p(log2-1) (39)

and

S: (%)IOg[l_ (‘2—)2]%@5

S‘ (t-eb*  ylogudu
=p

e 40
o - p<l (40)
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the second integral of Eq. (38) becomes

[, Kotrag=|

(l;lr-u) a(%-)log[l— (%)2:]‘/2’ .

x < K(p,&)+ d¢
(] e
(+») -9 ylogudu
- ap [(logZ—— D+ S ETErSY 41)

Simpson’s rule was used to transform the integral equation
to simultaneous algebraic equations for determining ¥ (p).
Eleven equations were used for the calculation.

The deflection in Eq. (18) can be written in the form

1 oo e
R 16(1-»)

()l 22 () a(2)
A ()]s
fivo £ () ()
e () (1)

e () ()™

+ m(1—v») (_2_)2("!—1)(_{—) (Z—M)hm
(33—V) a a

(m+1D)(A—=v»)/ b \om[ r (2~m)]
TG 7) (7)
« Jo(map)cqsmedp}

Gy,

)

42

in which 4, G,,, and B, are defined by Egs. (17), (21), and
(27), respectively. It is noted that the constant D in the third
term on the right-hand side is cancelled upon the substitution
of B,.

0.05

wD/qga

b/a=0.25

a, Degrees

Fig. 2 Deflections at 8=0 deg (r=>5 and »=0.30).
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The radial moment and the circumferential moment are
defined as

M, =—qa? {—(3—;L6—Q(—;—)2+ [4(1 +v)log (—Z—) + (3+v)]
A 282 (2)
_ [2(1 +)log (%) + (3+»)] (bga)z

@

! (m-2)
+a§0‘1f(p)m:22,4”” [m(m 1-v)h, <a) :

+(m+ D[ (M+2)=v(m-2)] (%)m

B m{m?®—1)(1 —»)? b >2m F\ —(m+2)
(3+») o <T (7)
_ (m+ DI —DA=»)2 +(3+v)?] ( b >2<m+n
3+») 7

< r >—<m+2)
X | — -
a
2m—1) —m
wh, (L) <_"_)
a a

m2~DU=»)[Q-m)+v2+m)]
(3+»)

()
and

M, = ~qa? {%@ —;—)2+ [4(1 +)log (%) + (3+u)]
(b/a)*(r/a)~* 2B,D [ b\2/ r \-2 ]
16 N qga? (1+2) (7) (—a_) 1
r (b/a)?
— [2(1 +V)10g (7) + (1 +3V)] 3

@

+aS:‘If(P) E [m(l—m)(l_y)hm(%)(mﬂ)

m=2.4,...

m(m—-DA-»)[Q-m)+v(2+m)]
(3+»)

+ (M D)@ —m)+v(m+2)] (-2—)'"

$ I DEZ, (2 (L)

(3+v) a a

. (m+ DI - DA -2 +(3+»)?] (i)zmﬂ)
(3+v) a

y (L Sm+) m(m—-DA-[2+m)+v(2-m)]

(3+v)
(2

_ (m? - D1 -»)[2+m)+v(2—m)]
(3+v)

(__) 2m (_) ] Jo(map)cosm(}dp} (a4)

Again, h,, G,, and B, are defined by Egs. (17), (21), and
(27), respectively.
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It is of interest to consider the following two limiting
cases:

1) When b=0, Eqgs. (42-44) become

w= —Bya* —a*q/64D (45)
—2D{(1+»)By+ (v~ 1)a®B, ] 46)
My=—2D[(1 +»)By+(1 —»)a®B,] @7

Equations (45-47) correspond to the deflection, radial mo-
ment, and circumferential moment for the case of a circular
plate as in Ref. 6.

2) When r=»b and b—0, Eqs. (42-44) become

w= —Bya’ —a*q/64D “8)
M, =0 49)

(1+»)? ]

=—4D B,+——— a’B
M, [(1+u) Gy OB (50)

In this case, the annular plate becomes a circular plate with a
small hole at the center and the moment concentration can
be determined from Eq. (50).

It is seen that the deflections of both cases are the same,
but the circumferential moments are different.

The unknown function ¥(p) is difficult to calculate when
a>75 deg and b/a>0.5. Therefore, the numerical results are
limited only in the cases 0=a=<75 deg and 0=<b/a=<0.5.

The deflections of annular plates at 6=0 deg and r=> are
shown in Fig. 2. It is seen that, with the increase in the sim-
ply supported length «, the deflections are increasing. The
deflections are not much different when b/a is between 0 to
0.25 but they are significantly reduced when &/a=0.5.

Figure 3 shows the circumferential moments of annular
plates at #=0 deg and r=>5. Comparing the cases b/a=0
and b/a—0, it is seen that the moment concentrations are
approximately equal to 2 for all values of «. In the cases of
b/a=0.25 and 0.5, the circumferential moments as well as
their differences are both small.

The radial moments at § =0 deg for various ratios of b/a
and =0 and 75 deg are shown in Fig. 4. It is noted that, in
the case of a=0 deg, the plate corresponds to the case of an
annular plate with a clamped edge.

The numerical values of Figs. 2-4 are tabulated in Tables
1-3, respectively.

0.3 e e (R BN S s b
0.2} p/a 4
I g, 3
Ng‘ 0.1L b/a,\)r ]
\q; ‘g/a‘o
= 3 4
b/a=0.5
oF =
p/a=90.25
—0.1 1 : 1 L L i i 1 i 1 Il 1 L
0 15 30 45 60 75
o, Degrees

Fig. 3 Circumferential moments at § =0 deg (r=>5 and »=0.30).
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0.15 L IR S S A LUNNE S S R SR AN Sy B
= b/a—0,a = 75 4
0.10 b/ a0 & R -
fa y 0= .2 y Q= 750
T p/az> 2 1
0.05} 5, o= -
‘01340 75 |
NfU
o 0
= 4
= i b/a=0.25, a= O°
~0.50
~0.10F
~0.15 A Y - - - 1 | S bt I W
0 0.1t 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

r/a

Fig. 4 Radial moments at =0 deg (»=0.30).

Table 1 Deflections of plates
(wD/qa* at 6=0 deg, r=>5, and »=0.30)

Table 2 Circumferential moments
(M,/qa® at §=0 deg, r=>b, and »=0.30)

o, b/a—0 and
deg b/a=02 b/a=0° b/a=0.25 b/a=0.50 o, deg  b/a=07 b/a=0* b/a—0 b/a=0.25 b/a=0.50
0 0.0156 0.0156 0.0150 0.0053 0 0.0812 0.0812 0.1624 —0.0360 —0.0314
15 0.0166 0.0166 0.0160 0.0061 15 0.0863 0.0864 0.1704 —0.0305 —0.0202
30 0.0191 0.0192 0.0191 0.0084 30 0.0986 0.0995 0.1910 -0.0192 —-0.0028
45 0.0229 0.0235 0.0239 0.0118 45 0.1147 0.1175 0.2200 —0.0094 0.0070
60 0.0281 0.0288 0.0306 0.0166 60 0.1321 0.1351 0.2547 —0.0052 0.0093
75 0.0353 0.0366 0.0401 0.0237 75 0.1552 0.1534 0.2950 —0.0076 0.0059
2From Ref. 6. PFrom Ref. 3. 2From Ref. 6. PFrom Ref. 3.
Table 3 Radial moments (M, /ga® at =0 deg and »=0.30)
b/a=0 b/a=0.25 b/a=0.5

r/a a=0 deg a=75 deg r/a a=0deg a=75 deg r/a a=0 deg a=75 deg

0. 0 0 0.250 0 0 0.50 0 0

0.1 0.0792 0.1177 0.325 0.0169 0.0429 0.55 0.0012 0.0182
0.2 0.0729 0.1176 0.400 0.0199 0.0636 0.60 —0.0004 0.0299
0.3 0.0626 0.1165 0.475 0.0155 0.0738 0.65 —0.0044 0.0368
0.4 0.0481 0.1137 0.550 0.0061 0.0775 0.70 —0.0103 0.0399
0.5 0.0295 0.1079 0.625 —0.0072 0.0759 0.75 —0.0180 0.0398
0.6 0.0068 0.0981 0.700 —0.0237 0.0698 0.80 —-0.0276 0.0369
0.7 —0.0200 0.0832 0.775 —0.0433 0.0596 0.85 —0.0385 0.0318
0.8 —0.0511 0.0630 0.850 —0.0657 0.0456 0.90 —0.0511 0.0247
0.9 —0.0851 0.0375 0.925 —-0.0907 0.0282 0.95 —0.0649 0.0101
1.0 —0.1250 0 1.000 —0.1185 0 1.00 —0.0805 0
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